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THE TEMPERATURE FIELD AND THE THERMOELASTIC STATE IN A PLATE CONTAINING A
THIN-WALLED ELASTIC INCLUSION

D. V. GRILITSKII, M. S. DRAGAN and V. K. OPANASOVICH

A plane problem of heat conductivity and thermoelasticity is considered for a plate con-
taining a rectilinear, thin-walled elastic inclusion of finite length. The problem
is reduced to a system of two singular, integrodifferential Prandtl-type equations,
which are solved using the method of orthogonal polynomials. A numerical analysis
of the solution is given.

1. Formulation of the problem. we consider an isotropic plate containing a foreign,
thin-walled rectilinear inclusion of length 22, thickness 2h, acted upon by the thermal
parameters only (heat flux at infinity, concentrated heat sources). It is assumed that the
side surfaces of the plate are thermally insulated, and that perfect thermal contact and force
coupling exist between the edges of the inclusion and the surrounding material. We require
to determine and study the effect of the inclusion on the magnitude and character of the dis-
tribution of the temperature field and thermoelastic state in the plate.

To solve the problem, we shall employ a Cartesian 20y -coordinate system the axes of
which are directed along the axes of the inclusion (Fig.l). We denote the length of the

inclusion by L, and the quantities referring to the inclusion
::gq‘” by a subscript zero. The plus and minus indices denote the bound-
y ary values of the functions at the upper and lower edges of the

y inclusion, respectively.
Zh @ Z The conditions of the force coupling and thermal contact be-
%./‘i tween the inclusion and the surrounding material have the form
3 ot x
(0y — iToplot = (0y — iT)E, (w+iv)et=(z+ i)t on L (1.1)
Mot = (T - in)E, ko2 i)t = k- (T + in)t on L (1.2)
(T + ipot=(T +in)E, ko (T +inht= (T+in)* on
Fig.l % %

where 7 is an auxilliary harmonic function /1/ and ko, kK are the heat conductivity coefficients
of the inclusion and the plate materials, respectively.

2. Problem of heat conduction. According to /1/, the temperature field in a homo-
geneous isotropic plate can be found using the formula

F@+GE=T+n, FO+0@=5T+in), F@—Q@=—ig T+ (2.1)

(F(z) =F(z), Q(z) =0 (2)

where F,(z) and @, (z) are piecewise holomorphic functions. Since we consider a thin-walled
inclusion, we can neglect the quantities which are very small compared with hk, and use(2.1)
to write

2+t g T+ i =28@), t&L, ST+ — o T+ =20 @), r&L (2.2)

T+ i+ T+ i =2p(2), TE Ly o (T iy — 5 (T + i = — 2 (2), 21

where g (z) and p (r) are functions to be determined.

Satisfying the conditions (1.2) with help of the relations (2.1) and taking (2.2) into
account, we obtain the following boundary value problems for determining the piecewise holo-
morphic functions F (z) and Q (z) with the line of discontinuity L:

F@+Q@I +F@+ 0@ =2 @, 2E L, F@— Q@I +IF@)—Q @ =—2"p@), z&L (2.3
IF(2) + Q@1 — [F(@) + 0 @) =2ih-2 (¢’ () — g, (1)), 2L (2.4)

F @) — Q@I —{F(2) — Q@) =2h[p’ (@) ~p (z)}, z=L
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where

BE=IR @+ 0 @, o=2000 0@ =) = 0 @lier, =gl

F,(x) and @, (2) are known functions which yield a solution to the problem of heat conduction
for the same plate without inclusion.

Solving the problem of linear coupling (2.4), we find

a a (2.5)
F(z)=_{125‘_[% S lg (r)z——gzz(x)] dz _; S le (z)z——_plz(z)l dz ]+Fz @)

¢ e — ; . ¢ 1o’ z) — d.
0<Z>=%[%S lg (r)z_gxz(z)l dz+ i S Ie"( )z_pxz(z)l I] +0s(2)

Substituting the expressions for the functions F () and @ (z) given in (2.5) into (2.3),
we obtain two singular, integrodifferential Prandtl-type equations for determining the un-
known functions g (z) and p (z)

a

h ' (1) — di 2.6

8O _F@)+ Q). zsL

—a

h 3 ! (8) — d ,
~ 2 (OO _yiF @) - Qi) 2L

—a

We seek the solution of (2.6) in the form

o0

£ =0 (00— VI—B Y| o XnUns (@), p@)=p2(a0) —VT=2 Y -Volma(@, |2[<1 (2.7

m=1 m=1
g (2) = [Fy (2) + @y (D) &y, pg (2) = [Fy (2) — @y (2)] iey

where X, and Ypare unknown coefficients and U, (z) are Chebyshev polynomials of secondkind.
From (2.6) and (2.7) we follow /2/ to arrive at two infinite, quasiregular systems of linear
algebraic equations for determining the coefficients X,, and Y, of the expansions

Y R, 1) X+ 2 Xo= (e = 1) D, YV RN+ oY, =i —1) Dy (n=1,2,..) (2.8)
Mam]

m==1

1
Dyt= § 1Fs(a) 4+ Qs (a2)| YV T— B Un-1(a) do

0, if (n+n) is an odd number

R _ 4n
(mn)=! — T m = hm =D m=r+D "

if (m+n) is an even number

Making use of the formulas (2.7), we write (2.5) in the form

FO=4 3 [2 X o] L) 4 P 0O= e Y[ Xnt ¥ Ln(2) 4 i) P2

m= m==]
La(@)=Un1(2) — T (z)/V2Z—1

where (1, (z) are Chebyshev polynomials of the first kind.

We note that by setting %k, =0 in (2.8) and (2.9), we obtain a solution of the problem
of heat conduction for a plate with a thermally insulated crack, while putting %, =k yields
a solution of the problem of heat conduction for a plate without an inclusion.

3. Problem of thermoelasticity. Aaccording to /1/, we can describe the stress-
strain state of an isotropic plate by the following formulas:

0+ 0y, — 210 (2) + D @), 0y — ity = V@) + QE) + (2— 2D (3) (3.1)
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2p ga—. @+ )=nd () = Q@) — (2 =) O (@) + B¥1(z)y Yila) ~ F1(2) - i @)

Here f = 2zE for the plane deformations and f = 2aE/(1 4 v) for the plane state of stress,
o is the temperature coefficient of linear expansion, £ is the Young's modulus and Vv is
the Poisson's ratio.

Using the relations (3.1) and conditions (1.1), and following the solution of the problem
of heat conduction, we obtain the following boundary value problems for determining the piece-
wise holomorphic functions @ (z) and R (z) with the line of discontinuity L:

@@ — Q@) — [P (1) — Q@) = 2K (), z=L (3.2)
(%@ (z) + Q(2)1' — 1@ (@) + Q@) + B (Y1 (&) — ¥ (2) = 2"“‘ (M’ (2) — M1(2) + ¥y (2)], 2L
(@ (@) + Q@)1 + [ (z) + Q (2)]" = 1—%%—0[(1 —#0) K (2) + 2M (2) + 2K () + 20 @), z = L (3.3)

% [D7 (x )+ @7 (@) — [Q* (@) + @ (@) 4+ B (¥ (2) + F1 (2) =
5 12%0K (2) + (00 — 1) M (z) — 2K (2) — 2] ()] + Eﬁfﬁ Yo(z), zeL

m
where
M, (z) = Bes¥y’ (2), 83=&“3*°_'l*>_, ¥a(2) = { Fa(e) dz + T (3.4)
I — o 1 ;
Yo(z)=—Vad—2* Z_”T(Xm— i¥y) [——(m_l) Um-s (—:-)— ﬁum (%)]Jr ps(x) + Ty
m=1
h ’
i@=3 ), (17— )sz—a’bm( - )+ ¥ale), 0 (@) =5 (8 (@) — ipa (2)]

me=]1

Here T, and T, are the temperatures in the inclusion and at infinity, respectively, and
K (), M (z) are unknown functions.
Solving the problem of linear conjugation (3 2) , we obtain

® @) =g o [Ix @+ L 1 @] = £ Y o X+ i0¥ ) V= L[]} (3.5)

m=l
oo

Q)= 1+‘X{% [—nIK(z)—J,-—E;IM(z)]-—%E- Y L @Xnt itV ) Y E— P L, (g)}

m=]

C K ¢ M —
Ix@={ S9%, 1,@={ LLOZPOIE gy () — Bupy’ (1)

BB
tof

= a2=1—

4= %

o __ Ko
)

Substituting the expressions for the functions @ (z2) and Q (z) (3.5) into the conditions (3.3),
we obtain the following system of integrodifferential equations for determining the unknown
functions K (z) and M (2):

@) -+ 2 ()] 3.6
el — %) K @)+ 2M (2) + 2K @ + 2 @) — 252 1) — (3.6)
_u g B NV oy T (i)
(I Tx) M T+ m \H1dm 2V m) Lm |
m=1
————IZKK(I ) + (%0 — 1) M (z) — 2K (z) — 2M (2)] — 2 (z)— Ppe—1) r _
o (1 + %) 0 ° n(l+x X ks (1 1+ %) m(x)=

. z i) __ BPo(x—1) ky _ WBe(x—1)
2(1+x) Z (01X — ¥ 'm) T'm (T>__P;T°(x)+ﬁ‘yz(x) ;b= moP +2 ko bo= Wof +2

We seek the solution of the system (3.6) in the form
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K(ax)—Ko—V1~z“Z—ZmUm-l(x)» M (az) = Mo+ Bs (a2)— Vi——x’Z—S Unma(® (3.7

m=1 m=1

(By ()= B (2))

where Ky, My, Z,, Sm are unknown coefficients.

Performing the necessary manipulations, we arrive at an infinite system of linear alge-
braic equations for determining the coefficients Z, and S, of the expansions

il (3.8)
2 = =
T YR (mun) [(4 = #0) Zn + 280 + 22+ 280] + Coll + CaSp = Ay

m=1

ZR(m 1) (2%0Zm 4 (%0 — DS — 2Zm — 28] + CsZp + CoS, = B,y

m=1

Ho (1 ‘f"‘o)

where

0, nEm41, nstm—1
Hm,n={ ®/4% n=m+1 (3.9)
' —n/4, n=m—1
1

A, =2 S { T 1B @) + Ba@d) + Ao} VI =2 Upy(z)do — -1% Z—,‘n-(alx,,.+ 102Y ) H (m, n)

m=1

!
B,=2 _31 {;KMLW [(%0 — 1) By (az) — 2B, (az)]— B¥, (az) + Bo + %0 (s (az) + To)} VI—2U. () dz —

TR I . o ,
“_JfT) Y L X~ ibaY ) H () + *;”T": Z%(Xm—lYm)[R(m-—i,n)—R(m—}—1,n)], n>1

m=1

m=1
c __ah(l—wn) _ . 2nhp Co == 27thn __ wthp (e —1)
1= 20 % T amdtn P e+’ T Tapdtw
Ao= 1“0 (4 — %o} Ko + 2Mo + 2K, + 20, , Bo=—mL‘W[2uoKo+(xo_1) My — 2K, — 2/}

Formulas (3.5) with (3.7) taken into account, yield

o0

()= (-1%)- {% Z (Zm + ;‘:—Sm) Lnm (%) -3 iim (@ X+ 10V )V E =@ L, (%)} (3.10)

m=]1 m=]1
hov B 1 . —
Q(z) = T { Z (— ®Zpy + p_p; Sm) Ly (%) — 75_ - (@ X+ iasY ) V2 —aly, (—Z—)}
m=1 m=1
we assume that the constants A, and ReB, are 4, = ReBy = 0
£ 72 L
K2 7, K10 / 7
4 8
] 7
/ . . e P /_
g d Pr
=7 ] 4
w w0’ § 10 >
7 \g_—— g - \
7 2 0 7 160° ¥
\&_ 5 7 _/ d
8 \\Y 2 w* 10° w*
k_ -8 Fig.4
\5/
-12 .

Fig.2 Fig.3
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The quantity ImB, is found from the condition that the moment of all forces applied to the
inclusion is equal to zero (A is a closed contour encircling L)

Re {[Q(2) + @ (2)12dz =0, (3.11)
A

Using the results of /2,3/, we can show that the system of linear algebraic equations
(3.8) is guasiregular.

In analogy with the theory of cracks /4/, we can represent the state of stress in the
neighborhood of the end of the inclusion in the following form, using the polar r, 8 —coord-
inate system (Fig.l):

o,
1
O =-—472_:—[N,(— 1K1+ Na@B)Ks + N1 (1 4 2%) K, + Na (4 —2x) K ] + 0(1) (3.12)
Tro
5cos1/,60 - Acos3/s0 — 5sin1/y0 4 Asin?/,0
Ny(A) =13c08Y/40 —Acos3/s8[l, No(A) =| — 3sin?/,0 — Asin®/,0
8in1/,0 — A sin3/,0 c08 1/50 4 A cos?/,0

Here K;(i =1, 2, 3, 4) are the stress intensity coefficients obtained from the formulas (j =1
for the point g, j =2 for the point —a)

Klj _ ingrz —_

2hp 3 . N 2 3 )
— 2 Y (—pymbue-ds,, Ki—iKi—m——2 Y (—tymive-iz,  (3.13)
b +%Va ,;'( ) " ' (t+%Va ,,Z-;( ) "

In conclusion we note, that by assuming in the formulas quoted that k, =k, o = M, % = X,

f = Po, we obtain a solution of the problem for a plate without an inclusion. On the other

hand, passing in the formulas (3.5), (3.6) or (3.8), (3.10) to the limit as Po >0 (ke =10)
or as po — oo (kg = 0), respectively, where in the second case the condition

@v/ox —du/dy), =0

must also hold, we obtain a solution of the problem of thermoelasticity for a deformable in-
clusion ( a cut) and for a perfectly rigid inclusion. In the particular case when the therm-
al flux is given at infinity, we obtain the results already given in /5,6/.

4, Results of the numerical analysis. Figs.2—4 depict the results of numerical
analysis of the problem for the case of the plate acted upon by a heat flux (¢, is the flux
intensity at infinity). Computations were carried out for the following values of the para-
meters: wv=wvo=1Y;, ay/a =0, k/k =0, ak=10, Ty=T_ =0,

Figure 2 shows the relation between the stress intensity coefficients K’ = K;k/(Ba’2q ) at
the point z=a and relative rigidity of the inclusion d= ps/u. Curves 1,3 depict, respect-
ively, K,y and K, for ¢=0, and curves 2,4 depict k, and K, for ¢=n/2. In the

first case we have (p=0 K, = K/ =0, and in the second case we have (p=n/2) — K,/ = K, — 0.
Curves 5—8 correspond to K, (i=1, 2, 3, 4 for ¢ = n/6.
Figure 3 depicts the dependence of K;(i=1,2,3,4 on the angle ¢ at the same point.

Curves 1—4 correspond to K;(i=1,2,3,4) for 4=5, and curves 5—8§ for d=0.2.

Figure 4 shows the dependence of K; = K;{(Vaf) on the relative rigidity d of the inclus-
ion at Ty= T_=15 (the corresponding curve for T,=7_= -5 is symmetrical to the previous
curve about the abscissa). In this case we have K, =K, =0, K,/ =0. The computations were
carried out for g¢_=0, v=v,=1; ay/a=0, alh=10.
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